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A staggered conservative scheme for every Froude number in
rapidly varied shallow water flows
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SUMMARY

This paper proposes a numerical technique that in essence is based upon the classical staggered grids
and implicit numerical integration schemes, but that can be applied to problems that include rapidly
varied flows as well. Rapidly varied flows occur, for instance, in hydraulic jumps and bores. Inundation
of dry land implies sudden flow transitions due to obstacles such as road banks. Near such transitions
the grid resolution is often low compared to the gradients of the bathymetry. In combination with
the local invalidity of the hydrostatic pressure assumption, conservation properties become crucial.
The scheme described here, combines the efficiency of staggered grids with conservation properties
so as to ensure accurate results for rapidly varied flows, as well as in expansions as in contractions.
In flow expansions, a numerical approximation is applied that is consistent with the momentum principle.
In flow contractions, a numerical approximation is applied that is consistent with the Bernoulli equation.
Both approximations are consistent with the shallow water equations, so under sufficiently smooth
conditions they converge to the same solution. The resulting method is very efficient for the simulation
of large-scale inundations. Copyright © 2003 John Wiley & Sons, Ltd.

KEY WORDS: free surface flows; conservation properties; advection; flooding and drying; dam breaks;
staggered grids; rapidly varied flow; inundation; bed slope source term

1. INTRODUCTION

Shallow water flow simulations cover a wide range of practical problems, varying from ocean
dynamics to flows due to breaking hydro dams. Nowadays there are many numerical methods
for the solution of shallow water equations. This paper is devoted to the extension of the
applicability of staggered schemes to problems that involve rapidly varied flow with a large
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range of Froude numbers. For examples of staggered schemes, see e.g. References [1-3].
These methods are applied mainly to subcritical hydrostatic flows, in one, two and three
dimensions, the latter with ¢ planes, see e.g. Reference [4] or with z planes, see e.g. Refer-
ence [5]. Staggered schemes are very often applied for large-scale applications because they
have several advantages, such as

e Efficiency in particular in combination with A.D.I. time integration, Leendertse [1], or
semi-implicit time integration, e.g. References [2, 6]. The unconditional stability allows
deep water, as is often the case in the channels of estuaries, to be simulated next to very
shallow water without the time step to be restricted by the deepest part or the smallest
grid size.

e Accuracy for subcritical flows due to the fact that the onset of spurious checkerboard
modes is avoided without the use of numerical dissipation, e.g. Reference [7].

e Simple and straightforward extension to three-dimensional non-hydrostatic free surface
flows, see References [8,9], or Reference [10], even in combination with unstructured
staggered grids, see Reference [11].

Although conservation properties of staggered schemes are well-known topics already since
Arakawa [12], yet if methods based upon these principles are applied to rapidly varied flows,
such as hydraulic jumps and bores, then the results are often completely incorrect. Use of
any non-conservative approach, such as the Eulerian—Lagrangian approach of Casulli [2], also
yields incorrect results in these cases. Conservation, as described by Arakawa [12], is mainly
applied in long-term integration of large-scale problems, to prevent non-linear instability.
This was achieved by global conservation of energy and vorticity. In hydraulic jumps, for
instance, energy is dissipated. Thus, energy-conserving methods are not very realistic here, and
local conservation of other quantities becomes important. For most of the staggered schemes,
flows are supposed to be smooth and sub-critical. (Although an application of a staggered
scheme to steady state hydraulic jumps is given for example by Zhou and Stansby [13]). For
problems that involve shocks, mainly Riemann solvers or Godunov methods with collocated
grids, are successfully applied. They are derived from methods in gas dynamics; see e.g.
Reference [14]. Applications of Riemann solvers to shallow water equations are given for
example by Glaister [15] and Alcrudo and Garcia Navarro [16]. Flow transitions near steep
bed slopes might be a problem for these methods. This problem is related to the so-called
bed slope source terms, e.g. Reference [17]. In addition, extension of these methods to 3D
and to non-hydrostatic flows is not simple at all. These methods often apply explicit time
integration. This is not very efficient because large-scale simulations often involve both deep
water and shallow water, e.g. estuaries with deep channels and tidal flats. Here time steps
restricted by the CFL condition might become very small.

Robust extension of the applicability of staggered schemes to rapidly varied flow is the
goal of this paper. It is to be emphasized that, by rapidly varied flow we not only mean
shocks with large flow expansions but also strong flow contractions. A key issue of this paper
is that in flow contractions, often due to large gradients in the bathymetry, different balance
principles apply as in expansions. The problem of bed slope source terms is significantly
reduced by numerical approximations that are not only consistent with the shallow water
equations but also with elementary physical balance principles in open channel hydraulics,
e.g. References [18, 19] (Chapters 3 and 4), where contractions are dealt with in a different
way from expansions.
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The resulting method, that is applicable to a wide range of Froude numbers (similar to the
so-called Mach uniform method by Bijl and Wesseling [20]), is based upon the following
principles:

1. Mass conservation combined with non-negative water depths to improve flooding
characteristics.

2. Momentum balance in flow expansions, to ensure accurate hydraulic jumps and bores.

3. Energy head conservation in strong contractions.

We will show that the difference between various balance principles can be viewed as a
different interpolation of the advective velocity of momentum from the flow field. Yet we will
show that application of a wrong balance principle locally might yield incorrect results. We
will show for instance, that application of the momentum principle in a strong contraction
could increase the energy head. Due to the guaranteed positive water levels, the application
of special flooding procedures, as described for instance by Stelling et al. [21] or Falconer
and Chen [22], can be avoided.

Section 2 of this paper contains a description of the applied numerical techniques for
one-dimensional equations. Section 3 describes two-dimensional equations. Section 4 gives
results for one-dimensional test problems computed with various balance principles.
Section 5 gives a comparison with laboratory experiments.

2. A NUMERICAL METHOD FOR SHALLOW WATER
FLOWS WITH LARGE GRADIENTS

2.1. Shallow water equations and sudden transitions

The one-dimensional shallow-water equations in non-conservative form, based on primitive
variables, are given by

ol n 0(hu) _

2 e 0 (1a)
ou ou o ulu|

where u is the flow velocity, { the water level above plane of reference, ¢¢ the dimensionless
bottom friction coefficient, d the depth below reference plane and /4 the total water depth,
h={+d.

At local discontinuities Equations (1) have no unique solution. Some local phenomena,
such as almost vertical flow near the upstream slope of a weir, are typically non-hydrostatic.
These phenomena are frequently at a scale that is too small to be resolved by a large-scale
model; moreover they would require 3D non-hydrostatic free surface flow approximations.
However conservation properties, derived from physical considerations, are often sufficient to
get solutions that are acceptable in terms of local energy losses, location of a hydraulic jump,
propagation speed of a bore, etc. Often conservation of mass and conservation of momentum
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Figure 1. Sudden bed transition.

are applied. For example, for steady flow at a sudden transition, with a constant channel
width, as given by Figure 1, a mass balance is applied as follows:

qi = hiu; = hi i1 = qiv 2)

where g denotes the depth-integrated velocity.

In a sudden channel expansion the energy head losses are to be derived from application of
the momentum principle, (e.g. Reference [19, chapter 4]). For Figure 1 this principle yields
a momentum balance that is given by

pqit; + L pgh? + [ = pgiui + L pgh?,| )

where p is the constant density of the fluid and f denotes the force per unit width that is
exerted by the bed slope onto the fluid. This bed slope force f is given by

S =p9(Civ1p +1/2d; +1/2d;11) (dig — di)
The difficulty lies in the computation of (;.,. If we assume that
Civipp =701 + (1 =)
Then, after combination of the hydrostatic forces, Equation (3) can be rewritten as
Giv1thip1 — qiti + g((1 = iy + ydi + 56+ 601)) (G — §) =0 4)

It follows from Equation (4) that, independent of the value for y, artificial flow will not be
induced because if {;;; ={; then there is no resulting hydrostatic force.

To get an idea of the head losses, for subcritical flows, Equation (4) combined with Equa-
tion (2) is rewritten in dimensionless form as follows:

2Fr2(oﬁgl>+(l+o¢+25(l—y))(l—oc):O (5)
where
Fr— ”i’ a:CiJrl’ 5:di+l’ d;=0
g¢ G G

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2003; 43:1329-1354



STAGGERED SCHEME FOR SHALLOW WATER FLOWS 1333

y=1/2, 5=64
0.30
0.25 - y=1/2, 8=16
0.20 1 v =0, 6=4
0.15 1 y=1/2, 8=4
0.10 =0, 8=1
(<=1

0.05 . y=1/2, 8=1
0.00 % y=1,8=1/4
-0.05 - y=1,8=1

| | y=1,06=4
-0.10 | y=1,5=16
-0.15 y=1, 8=64

0.00 0.10 020 030 040 050 060 0.70 0.80 0.90 1.00
Froude number

Figure 2. Relative head losses.

The relative head loss f§ can be defined as

l Fr 2+cx
_Hi*Hi+1_1_2 o+ 0
- H

p

%Frz +1

where H, the so-called systematic energy head, is defined as

u?

H= 2 +¢
Values of f for various given values of y, 6 and Fr (0<Fr<1) are given by Figure 2.
For 0<y<+0.95 energy is dissipated whereas for =1 the energy increases. For low
values of Fr the differences between y=0 and 1 are small. For large values of Fr the
differences are small in case of large values of J, i.e. in strong expansions. (Near sud-
den expansions y=0 is normally assumed.) Equation (5) is symmetric for Fr. This means
that if in expansions energy is dissipated, then in contractions there is an increase of en-
ergy. Increase of energy is an unrealistic assumption from a physical point of view. In
fact in strong contractions the pressure is non-hydrostatic. So any bed slope force in that
case, based upon the hydrostatic pressure assumption, is wrong. Therefore, in this situation
it is better, perhaps with some additional head losses, to apply the energy head balance!

INn fact in hydraulic engineering it is common practice, in order to estimate reaction forces in contractions, such
as the bed slope force, to apply locally, perhaps with some additional head losses, the Bernoulli equation. After
this the momentum flux and the hydrostatic forces are computed at locations, upstream and down steam from the
contraction, in regions of almost parallel streamlines such that the hydrostatic assumption is valid. The difference
between the resulting forces is then assumed to be the reaction force like the bed slope force. This is applied in
contractions due to bottom sills, sidewalls or sluice gates.
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Figure 3. Weir with hydraulic jump.

as given by

2 2
Uu; Uu;

i _ i+l
Ci—

2 29 + {;11 = constant (6)

Equation (6) is equivalent to the application of the Bernoulli equation (e.g. Reference [19,
chapter 3]).

For supercritical flows energy is dissipated in the transition to subcritical flows. Figure 3
shows a broad-crested weir. Here the flow is contracted on the upstream slope of the weir. On
the crest the flow is critical. In the transition from the crest to the downstream slope, rather
than an expansion, there is further contraction to supercritical flow on the downstream slope.
Then, finally, energy is disspated in a hydraulic jump downstream of the weir. Figure 3 shows
where to apply conservation of energy head and where to apply conservation of momentum
for flow over a weir. Mass conservation has to be applied everywhere.

2.2. Mass-conservative scheme for water levels

The bottom does not vary with time. From this it follows that the continuity equation (la)
can be rewritten as

oh  0(hu)
= =0 7
o T 7
A common grid for the approximation of Equations (1) is a staggered grid as given in
Figure 4.
A simple semi-discretization of Equation (7) is given by
dh;  Chippuicyp — Thicipuioip
=0 8
dr + Ax ®)

In the staggered grid values denotes as *h, are missing at points numbered by (i + 1/2).
These points are referred to as u points. Here these values are approximated, for example,

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2003; 43:1329-1354
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Figure 4. Staggered 1D grid.

by first-order upwinding as follows:

hi, if uip1p>0
“hivip =4 hit1, if w11 <0
max({;, {i+1) +min(d;, diz1), if ui1,=0

It is obvious that Equation (8) is not only consistent with Equation (la) but, for steady state
conditions, also with Equation (2). More accurate approximations for *%;y;, can be obtained
by using slope limiters that are described elsewhere in this paper.

A well-known integration scheme is based upon the 6 method. A simple, locally linear,
version of this method is given by

xn n+0 * 1N n+0
htt — hr n hi+1/2”i++1/2 - hi—]/zuijl/Z —0 )
At Ax
where "0 = 0u"t! + (1 — 0)u".

To derive conditions for non-negative solutions, while we assume positive flow, we rewrite
Equation (9) as

+0 +0
= (1 — Ay, w4 Ay, n
i AX i Ax i—1

: n+0 n+0
with uilin =0, u!™/,>0.

From this it follows that non-negative water depth is ensured if:

At”?jlen

Ax <1 (10)
A similar condition can be derived for negative flow. By simply fulfilling inequality (10) water
depths will be prevented to become negative, i.e. no special drying and flooding procedures
are required for this approach.

It is to be noted that this property of strict non-negative water depths is possible because
the equations are formulated with the primitive variable u, instead of the integrated quantity

q, ¢ =uh.

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2003; 43:1329-1354
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2.3. Momentum conservative advection approximations
The so-called momentum conserving formulation of (1b) is given by

0 0 od
E(hu)+a(huz+%gh2)+cfu|u|:gha (11)

The right-hand side of this equation is the bed slope source term, normalized with the density.
For the description of our numerical method it is convenient to denote the following identities:

du 1 (6(hu2) ., a(hu)> 1 (a(qu) ., aq>

“ o h ox ox h ox Ox

A spatial discretization for conservation of momentum is given by

dujtp 1 (fii+1*ui+1 —q;"u; di1 — q_,-> (i — G [Uiv1/2|thi1)2
+ = — u; + +c = =0 (12
dr hiv1y2 Ax 2T Ax 97 Ax ' hiv12 (12)
where
7 hi + h; - i+1/2 T qi- .
hiv1p= %, q;= w and qdi+12= hivipUiv1)

Similar to the continuity equation, *u; values are now missing at { points. These missing
values are approximated by first-order upwinding as follows:

Ui, if qiv12 +qi—1p2 >0
" 2
ui = . + .
U1y if qi+1)2 : qi—1/2 <0

Momentum conservation of Equation (12) follows from multiplying this equation by }_lH.]/z
and from:
dﬁi+l/2 _ ‘71‘+1 B é,-
dt Ax

this yields:

d - Qi1 Uiv1 — G Uy 7 (i1 =G
a (hiv1puiv12) + % + ghivip HAix + crluipip|uip1p =0

Since {; =h; — d;, this equation can also be rewritten as

d - T Ui — Gwi | 1/2gh7, — 1/2gh7
a(hm/zum/z)‘f' Zit1 Zx 1 + /29 HAx/ Thisl + celuipa |y
- di1 —d;
=ghiip = (13)

Equation (13) is consistent with Equation (11) and is momentum conservative. Equation (12)
is completely equivalent with Equation (13) but does not contain a bed slope source term.

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2003; 43:1329-1354
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Hence, given a free surface without any gradient, artificial flow due to this term is impos-
sible. For steady flow with steep bed slopes Equation (13) is consistent with Equation (14)
with y=1. Obviously, other values of y can be implemented as well in the numerical ap-
proximation of Equation (11), but only for y :% the combined hydrostatic pressure gradient
is approximated with second-order accuracy.

For positive flow direction the advection approximation of Equation (12) yields a simple,

first-order accurate, expression given by

1 q_-+1“i+1/2 —qui-1p2 9it1 — é') q; (ui+l/2 - Mil/z) ou
_ 1 1 _ ul 1 1 = — 1 %u _ 14
hivi)2 ( Ax T Ax hivi)2 Ax Ox (4

It is to be noted that all other terms in Equation (12) are second-order accurate.

2.4. Energy head conserving advection approximation
The so-called energy-head conserving formulation of (1b) is given by

ou 0 (1 , ulu|

For steady flow and for negligible bottom friction this equation implies the following relation
describing the constancy of the energy head:

2

u
H—@ + { =constant (16)
A simple spatial discretization of Equation (15) is given by
duiyip 1/2 *”2+1 —1/2 “u} G =G |ui+1/2|ui+1/2
1 1 — 1
d Ax T Ay T T R kD a7)

From this it follows that near sudden transitions, where time derivatives and bottom shear
stress can be neglected, the following relation holds:

2 %02

U; Ui ‘
2g +C1— 2g +Cl+1

*

which is consistent with Equations (6) and (16).
Again, *u; values are missing at { points. Again they can be approximated by first-order
upwinding as follows:

L. U —+ u;_
wi_yj, if Sl TR S

*T/I‘ —
' o Uirrp U2
Uirr, if B — <0

For positive values of uVi, first-order upwinding of u values at { points yields a first-order
advection approximation that is given by

1252, —1/2*u?  1)2uf,,—1/2u} Uir12—Ui—1)2 Ou
+Ax — Ax = 1/2(ui+|/2+ui_1/2)<Ax) zua (18)

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2003; 43:1329-1354



1338 G. S. STELLING AND S. P. A. DUINMEIJER

It is to be noted that non-conservative formulations, such as the Eulerian Lagrangian
methods, as applied by Casulli [2], when applied with first-order accuracy, yield the
following expression:

ou U; —u_
ua%uzﬂrlﬂ (+1/2Ax1/2) (19)

On summarizing, every first-order approximation can be denoted as

0X )1 Ax Ax

where the advective velocities u_, and u. depend on the conservation principle as follows:
Conservation of momentum:

G,
hivip hivi)

u_, —

Conservation of energy head:
u_, =121 +uic1p), U =1/2(ui12 + tipny2)
No conservation:
U, =U_=Ui1)2

From this it follows that the difference between momentum conservation, energy head conser-
vation or no conservation at all, lies in the way in which the advective speed of momentum
is interpolated from the flow field.

2.5. A dynamical conservative scheme

In principle the choice between Equations (14) and (18) can be based upon a simple dynamic
algorithm as follows:

1f Y12 ZHiE12 o then use Equation (18) else use Equation (14).

X
By the choice of ¢ it is possible to apply energy head conservation only in strong flow
contractions, such that elsewhere momentum conservation is applied.

2.6. Improved numerical accuracy

The proposed method so far is only of first-order accuracy. ‘Almost second-order approx-
imations’, including guaranteed non-negative water depth, can be constructed as well. For
this purpose the missing u values at { points and vice versa are approximated by upwinded
second-order extrapolation in combination with slope limiters, similar to the flux limiters as
described by Hirsch [23]. The slope limited approximations guarantee that the water levels are
not negative for sufficiently small time steps. The local order of consistency depends on the
solution. Near extreme values the accuracy reduces to first-order elsewhere the approximation
is second-order accurate.

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2003; 43:1329-1354
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For positive flow direction the extrapolations are given by

“up=wui_1p + 20(r) (uim1p — ui—3p) (20)
*hivipg =hi + 300 (G - Gior) (21)
Here W(r) denotes the slope limiter. For 4., the limiter is only applied to the water level.

The total number of possible slope limiters is large. As an example we give the minmod
limiter and the Van Leer limiter that are given by

Minmod: ¥(r)= max(0,min(r,1)), Van Leer: ¥(r)= r{:‘;'
. . Uir1 — Ui—1)2 Ci+1 —{
where 7 is given by: r, = ——= " V2 op po=2F1 5L
8 y Ui—12 — Ui—3)2 : Gi— zi—l

For negative flow direction, the limiters are defined accordingly.

Although monotonicity is not a characteristic of the solution of the equations as such, yet
the limiters are useful to improve the accuracy of the model results without the generation
wiggles.

3. TWO-DIMENSIONAL APPROXIMATIONS

The 1D method described here can easily be extended to two dimensions. For this purpose
we consider the 2D shallow water equations as given by

o O(uh) = O(vh)

E+ o + 3y =0 (22a)
Ou du Ou oC ullul|
LI L L S ] (22¢)

E*“& oy dy h

where © and v are now the x and y components of the depth averaged velocity vector.
Figure 5 defines a staggered numerical grid. A mass conservative approximation of

Equation (22a) is given by

dé;, n “hicip,uivip,; = "hicyp i1, " “hije1pUi 12 = "hi o120 —12 —0 (23)

dt Ax Ay

A momentum conservative spatial discretization of Equation (22b), (22¢), while assuming
positive flow directions, can now be given by

—x —X
duiyip,; udi;  Uivip2,; — Ui—1)2,; n o j—1/2 Uiv1/2,j — Uit1)2,j—1
o =X
d hiiip, Ax hiiip,; Ay
+g CHrl,]Ax Cl,] +Cf l+1/2_,)jc|| z+l/2,]H -0 (24)
hiiip,;

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2003; 43:1329-1354
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Figure 5. Staggered 2D grid.

—y —y
dUi,j+1/2 udi_1j2,; Uijr12 — Viel,jr1)2 + vqi ;i Vijy12 — Vij—1)2
=y

dt i Ax Ay

h;, j+172

hi,j+l/2

Ci,‘ I_Ci,‘ Ui j 12||145,‘ 12||
+g ”Ay L 4 op HERTHRT — (25)

ij+1/2

where: g =uh, ,q="vh, hi,,, ;= (hij+his1;)/2, B 10 = (hij+hiji1)/2 and all other values
are defined accordingly. For negative flow directions the formulation is similar.

The momentum conservation characteristics follow from multiplying Equations (24) and
(25) by i and ﬁy, respectively and adding, to each of the equations, Equation (23), in
averaged form over two grid points, and multiplied by u or v.

Energy conserving approximations are given by

dui+]/2 j _x Uit1)2,j — Ui—1)2,5 — Uir1/2,j — Uit1/2,j—1
Ta T A Tl Ay
iy szx Gy, ezl |l _ (26)
i+1/2,)
dvi,j+]/2 —y Ui j+1/2 — Ui—1,j+1/2 L Vij+12 — Vij—1)2
B TERR LY Ax A N

¢ j4+1 — éli/' U; /'+1/2H7/7ij+1/2||
+4g—= =+ cf ——— =0 (27)
Ay v

hi,j+1/2

The double overbar denotes that the velocity norm is computed by means of averaging.

It is to be noted that conservation of energy head is a principle that is applied along a
stream line. Since the grid, unlike the 1D case, does not coincide with the stream lines,
Equations (26) and (27) are not precisely equivalent to the Bernoulli equation along a stream
line. However, they will not generate energy locally and the local dissipation of energy will
be small.

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2003; 43:1329-1354
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Time integration can be implemented with semi-implicit methods according to References
[2, 6] or with ADI according to Reference [24]. Time integration is based upon the 6 method.
For 6=0.5 this method is precisely momentum conservative, but non-linear. A linearized
version is given by

n+l _ #n *n un-H') _kpn un+6 * U}H—H _xpn Un+(-)
ij oy Mty 2t Mt j—12%-12 _ (28a)
At Ax Ay
n+1 _qn n _yh n —u"
U1, — Yivip,) n Yiv12; — Wicip, wWiv12, — Yit12,-1
A7 +u_, +0h A
y
n+0 Cn+0 n+1 =7
gy — o u’ ||u H
i+1, i,j i+1/2, i+1/2,j
g o =0 (28b)
X hY,, .
i+1/2,j
n+1 g n g n _ph
Vijr12 — Vi L Vijr12 — Vimn,jr12 o Vijr2 —Vij—1p
At - Ax T Ay
n+0 Cn+6 n+1 =7
o g ol
i, j+1 i,j i, j+1/211%40, j+1/2
HgE L e =0 (28¢)
)y

For flooding over a dry bed a predictor corrector approach is applied for bottom friction. This
prevents overshoot of the velocities if the velocity accelerates from zero during the passage
of a flow discontinuity.

The linear equations resulting from the Equations (28) are symmetric and positive definite;
hence a CG method can be applied to solve the equations efficiently, similar to
Casulli and Catani [2]. The condition (5) is now also a stability condition, see also Refer-
ence [2]. Unconditional stability can be obtained by using an integration scheme as described
by [24].

4. NUMERICAL EXAMPLES OF 1D FLOWS WITH LARGE GRADIENTS

This section describes three frictionless 1D test problems. The first example is related to
subcritical flows, it demonstrates the differences between different methods for the advection
approximation in cases of sudden contractions or sudden expansions, without shocks. The
other examples are related to hydraulic jumps and bores. The examples, of which analytical
solutions can be constructed, are used by many authors e.g. Reference [25].

4.1. Subcritical sudden contractions and expansions

For this example, consider a frictionless channel with a constant width and a length of 100m.
Upstream a depth-integrated velocity is given of 1 m?/s. At the down stream end a water
level is prescribed of 1 m. The bottom profile is such that: (case I) sudden expansions are

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2003; 43:1329-1354



1342 G. S. STELLING AND S. P. A. DUINMEIJER

— bottom profile

14
2
-3
4
-5
éO 7‘0 86 9‘0 10

0 10 20 30 40 50

0

Figure 6. Bed profile with sudden expansions.
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Figure 7. Bed profile with sudden contractions in the flow direction.

followed by gradual contractions and (case II) sudden contractions are followed by gradual
expansions. The bottom profiles are given by Figures 6 and 7. The maximum Froude number
for this test is 0.32, so the flow is subcritical everywhere. Based on physical considerations it
is to be expected that head losses will only take place near the sudden expansions. To verify
this with numerical computations we consider the following approximations of the advective
term in the momentum equation:

ou U; — U
”a”l/z(uz‘+1/z+ui71/2) (+1/2Axl/2) (18)
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Figure 8. Water levels and energy line with methods B, C and D for sudden bed expansions.

ou q (Mm/z - ui—l/Z)
U= R = 14
X hiap Ax (14)
u @ ~u Uip12 — Ui—1)2 (19)
ax l+1/2 Ax

Application of the energy head conserving Equation (18) only, will be defined as Method A,
application of the momentum conserving Equation (14) only, will be defined as Method
B, application of Equation (18) in contractions and of Equation (14) in expansions will be
defined as Method C and finally application of the non-conservative Equation (19) only, will
be defined as Method D. This method is similar to the Eulerian Lagrangian method that is
applied by Casulli [2].

For case I the results the Method B, C and D, are given by Figure 8. Each of these methods
yields the same energy head loss at the sudden expansions. The differences with the analytical
solution are small. Method A is energy head conservative and shows no head losses, not even
at the expansions, as is shown by Figure 9.

For case II, with bed profile as given by Figure 7, the results of Method B are given in
Figure 10. At each sudden contraction the energy head is increased, this yields a total increase
of the water level of 0.1 over 100 m. It confirms our remark earlier that the momentum
principle is symmetric in the sense that when head losses occur near expansions then, like
wise, head gains are obtained near contractions. This result is totally wrong from a physical
point of view. It demonstrates clearly that the momentum principle should be applied with
care and not as a rigorous approach to solve shallow water equations also in regions with
sudden contractions. Numerical stability problems are a possible side effect of increasing the
energy head. In this respect it is to be realised that flow contractions are also induced by
contractions of the channel width.
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Figure 9. Water levels and energy line for energy head conservative approximation.
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Figure 10. In flow direction increasing water levels and energy
line for momentum conservative approximations.

Method C yields the results given by Figure 11. There are hardly head losses in this case,
so the results are very similar to Method A that is therefore not plotted. The results of
Method D are given in Figure 12. This non-conservative approach reveals dissipation at every
sudden transition. It does not seem to make much difference whether the sudden transition is a
contraction or an expansion. From a stability point this is therefore the most robust approach.
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Figure 11. Water levels and energy line of method C.
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Figure 12. Water levels and energy line for Method D.

In summary the following conclusions are to be drawn:

1. Energy conserving methods will never generate head losses.

2. Momentum conserving methods generate head losses at sudden expansions but could gen-
erate an increased energy head at sudden contractions. The latter is wrong and dangerous
for stability.
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Figure 13. Hydraulic jump, first-order upwinding.

3. A combined approach, i.e. application of the momentum principle only in expansions
and the Bernoulli equation in sudden contractions yields the best results in both cases.
4. The non-conservative approach will generate head losses at every sudden transition.

4.2. Hydraulic jump

This example is a steady state problem for a channel with a length of 100 m. In the middle
of the channel of 10 m there is a sill with a crest of 1 m height, see Figure 3. At inflow a
depth-integrated velocity is prescribed of 1 m?/s and at outflow a water depth of 1 m. Down
stream of the sill a hydraulic jump will develop. For the sill we consider two cases A and B.
For case A the crest length is 10 m and the tangent of slopes at both sides is 0.2. For case
B the crest length is 20 m and the slopes are abrupt, within 1 grid cell.

4.3. Hydraulic jump, case A

Figure 13 shows a comparison of the analytical and the first-order solution. It is to be noted
that the depth-integrated velocity is precisely 1 m?/s everywhere in the channel so mass
conservation is exact. Figure 14 shows slightly improved accuracy, in particular on top of the
crest and upstream from the sill, when the Van Leer limiter is applied. According to notions
in open channel hydraulics, the average flow speed on the crest should be precisely critical
as is indeed the case.

4.4. Hydraulic jump, case B

In the first example the slopes were smooth such that only in the hydraulic jump there is
a rapid flow transition that necessitates proper local conservation properties. To illustrate the
importance of proper conservation properties also near steep slopes, the slopes of the sill are
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Figure 14. Hydraulic jump, extrapolation with Van Leer Limiter.

now abrupt within one grid cell. For the upstream part the water level should not be different
from case A. To demonstrate the importance of a proper balance we consider three sub-cases:

1. Momentum balance everywhere, Method B

2. Energy head conservation everywhere, Method A

3. Energy head conservation in contractions and conservation of momentum elsewhere,
Method D.

For all cases the minmod slope limiter has been applied, due to the better stability properties
of this limiter in comparison to the Van Leer limiter.

Figure 15 shows the results for case B1. The upstream water level is 2.7 cm too low. The
results for the water level are of reasonable accuracy however, when considering the energy
line, errors become apparent. At the upstream slope the energy is increasing erroneously. On
the crest the water level is correct and the flow is almost precisely critical. At the transition
of the flat crest to the downstream slope the energy line shows an erroneous peak. Apparently
the transition from critical to supercritical flow is incorrect in this case.

Figure 16 shows the results for case B2. The upstream water levels are exactly correct.
However downstream of the sill the results are entirely erroneous. The jump is absent and
the flow remains supercritical since energy dissipation cannot take place.

Figure 17 shows the results for case B3. Now the solution is correct everywhere. The
energy line is constant everywhere, except near the hydraulic jump where the energy head
drops as is to be expected by considerations based on open channel hydraulics.

4.5. Dam break

The second example is a classical dam break problem, as described by Stoker [26]. The
length of the channel was 100 m and the grid size 1 cm. The time step has been chosen
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Figure 15. Steep bed slope with momentum balance at each grid point.
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Figure 16. Steep bed slope with energy head balance at each grid point.

sufficiently small for convergence. Figures 18 and 19show the dry bed test, which is also a
good example to demonstrate the quality of flooding based upon non-negative water levels.
Figure 18 also shows the importance of momentum conservation in the transition from dry
to wet that involves a large discontinuity of the flow speed. With an energy head conserving
approximation, at the transition from wet to dry, a bore will develop erroneously and the
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Figure 17. Steep bed slope with momentum balance or energy
head balance, depending on local flow conditions.
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Figure 18. Dry bed dam break water levels.

flooding progresses to slowly. Figure 20 shows the flow speed. Figure 19 shows the wet bed
case. The results are quite accurate. For all the dam break cases the minmod limiter has been
applied.
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Figure 19. Wet bed dam break water levels.
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Figure 20. Dry bed dam break velocities.

5. TWO-DIMENSIONAL DAM BREAK AND FLOODING EXPERIMENTS

For testing the accuracy, a laboratory experiment has been executed. The experimental set-up
consisted of two reservoirs, with different water levels; separated by a wall, see Figure 21.
In the middle of the wall is a gate, which can be lifted. The gate had a constant width. When
lifting the gate, one reservoir is flooded by water from the other one. For the numerical
simulations, the grid size was 0.1 m resulting in approximately 25000 grid points.

From the histogram of the water level in reservoir B, one can compute the mass flux
through the aperture. The width of the gate was 0.40 m. The gate was lifted with a speed of
16 cm/s. The initial water level in reservoir B was 0.6 m for every experiment. A couple of
experiments were performed: (1) an experiment with an initial dry bed in reservoir A and
(2) an experiment with an initial wet bed of 5cm. Figure 22 shows a picture of the dry bed
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Figure 21. Basic set-up of the experiment.

Figure 22. Dry bed laboratory experiment.

laboratory experiment. In the centre line of reservoirs water levels could be measured with
wave gauges. The gauges were located along the centre line of B and at 1, 6, 9, 13, 17, 21
and 23 m from the opening. The propagation of the waterfront was recorded with cameras.
Plate 1(a) shows the front on the dry bed as computed at t = 4 and 18s. Figures 23 and 24
show the propagation of the front on the dry bed as measured and as computed at various time
intervals and various values for the bed friction. The dry bed computations were sensitive to
friction (Manning) values; see also Reference [27].

Plate 2 shows the water levels at the wave gauges, again as measured and as computed. The
measurements compare reasonably well with the simulation results. In the gate the simulated
water levels are too high, probably as a consequence of the lack of 3D contraction at the
opening. It turned out to be very important to apply energy head conservation in the flow

Copyright © 2003 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids 2003; 43:1329-1354



1352 G. S. STELLING AND S. P. A. DUINMEIJER

width [m]

lenglh [m]

Figure 23. Dry bed experiment, front position at r=1,2,3,4s, n=0012 m~ 3 §. mmm= numerical
results, 7 = 0.012 m '/ == experimental results.
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Figure 24. Dry bed experiment, front position at t = 1,2,3,4s, n = 0.01 m ™3 §: mmm= : numerical
results, 1=0.010m ™" s and === experimental results.

contraction of the gate otherwise very inaccurate results were obtained. In particular during the
lifting of the gate, the flow under the gate changes from subcritical to supercritical. Everywhere
else momentum conservation has been applied for this case. The results are sensitive to the
friction values that were used; see the Figures 23 and 24.

The Plates 1(b) and 3, and Figure 25, in a similar way to the dry bed, present the wet bed
results. They compare even better with the measurements. The influence of friction is small
in the wet bed case so that the dynamical forces are dominant. Apparently this is represented
quite accurately by the numerical approximations. Also the complex location of the hydraulic
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Figure 25. Wet bed experiment, bore front at = 1,2,3,4 ! ====: numerical
results, n=0.012m "3 s and === experimental results.

jump and the reflections from the sidewalls, see Plate 1(b), are represented accurately as
follows from the Figure 25 and Plate 3. As in the dry bed case it turned out to be very
important to apply energy head conservation in the strongly contracting upstream part of the
gate otherwise very inaccurate results were obtained. Everywhere else momentum conservation
has been applied.

The method described in this paper is also applied for inundation disaster simulations in the
Netherlands. Verification with historical data is given by Hesselink [28]. In Reference [29] a
general overview of the role of models in flood management is given.

6. CONCLUDING REMARKS

Robust shallow water approximations, based upon primitive variables, can be constructed.
They guarantee mass conservation, non-negative water levels and a correct momentum or
energy head balance, depending on local flow conditions, near discontinuities. This yields
efficient and accurate simulations of rapidly varied flows. The approach of non-negative water
levels avoids the necessity of flooding procedures. Strict conservation of momentum is crucial
for accurate estimation of energy losses in strong expansions of the flow, in particular if these
expansions are shock phenomena. However, in strong flow contractions without shocks, it is
better to apply advection approximations that are consistent with conservation of the head.
This follows from physical principles of open channel hydraulics, and it will reduce bed slope
source term problems significantly. Therefore, the momentum principle cannot be applied as
a rigorous principle for robust solutions of shallow water equations. Although the scheme as
presented here is not a truly ‘Riemann solver’, yet the results are accurate also for rapidly
varied flows, while the method is implicit and based upon staggered grids. The efficiency of
the semi implicit and staggered approach allows application to large-scale inundation problems.
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Finally, it is to be noted that most of the problems with rapidly varied flow are in essence
due to the local invalidity of the hydrostatic pressure assumption in combination with depth
averaged model formulations. The best way, from a physical point of view, to improve the
accuracy is to apply 3D non-hydrostatic free surface model formulations.
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Plate 1. (a) Dry bed experiment, water levels at =4 and 18s. (b) Wet bed experiment,
water levels at r=3 and 18s.
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Plate 2. Water levels at gauges as measured and as computed for »=0.012 and 0.01.
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Plate 3. Wet bed experiment, water levels as measured and as computed.
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